In this paper, we obtain some useful properties of g-Riesz bases and find their relations between g-orthonormal bases and g-minimal frames. We present an explicit structure for duals of g-frames by connection between frames and g-frames. Also we show that this connection is not so good when g-frames are g-exact.
Introduction
The concept of frames in Hilbert spaces has been introduced by Duffin and Schaeffer in [6] to study some deep problems in nonharmonic Fourier series. During the last 20 years, the theory of frames has been growing rapidly and we can see their effects in many fields, as the characterization of signal processing, image processing and data compression. The concept of g-frames which was first presented by Sun in [11] , includes many other generalizations of frames, e.g., frame of subspaces [3] , outer frames [2] and oblique frames [5, 7] . Many basic properties of g-frames can be shared with frames, but there also exist differences between a frame and a g-frame. For example, exact frames are equivalent to Riesz bases, but exact g-frames are not equivalent to g-Riesz bases [11] . For more details on g-frames we refer readers to the papers [1, 8, 12] . This paper is organized as follows: In Section 2, we recall some definitions and properties about g-frames which will be used in this paper. In Section 3, we show that a sequence {Λ i } i∈I is a g-orthonormal basis for H with respect to {H i } i∈I if and only if there exist a g-orthonormal basis {Q i } i∈I for H and a unitary operator T on H such that for each i ∈ I, Λ i = Q i T. In Section 4, we obtain some useful properties of g-Riesz bases and find their relations with g-orthonormal bases and g-minimal frames. The main purpose of this paper is investigated in Section 5. In this section we characterize duals of g-frames and find an explicit structure for them. Throughout this paper, H, H 0 and K are complex Hilbert spaces and {H i } i∈I is a sequence of closed subspaces of K. I and M are subsets of Z, and for each i ∈ I, J i is a subset of Z. L(H, H i ) is the collection of all bounded linear operators of H into H i . 
Preliminaries
) = H and there exist constants A, B > 0, such that for each finite scalar sequence {c i }, For each sequence {H i } i∈I , we define the space
with the inner product defined by
It is clear that (∑ i∈I ⊕ H i ) l 2 is a Hilbert space. 
We define the synthesis operator for a g-Bessel sequence Λ = {Λ i } i∈I as follows:
The series converges unconditionally in the norm of H. It is easy to show that the adjoint operator of T Λ is as follows:
T * Λ is called the analysis operator for {Λ i } i∈I . In [11] , the g-frame operator S Λ for a g-Bessel sequence {Λ i } i∈I is defined as follows:
Hence we have S Λ = T Λ T * Λ . If Λ = {Λ i } i∈I is a g-frame for H with respect to {H i } i∈I with bounds A and B, then the g-frame operator S Λ : H → H is a bounded, self adjoint and invertible operator. The canonical dual g-frame of {Λ i } i∈I is defined by {Λ i } i∈I where for each i ∈ I,Λ i = Λ i S −1 Λ which is also a g-frame for H with respect to {H i } i∈I with frame bounds B −1 and A −1 . Also we have
defines a bounded linear functional on H. Consequently, for each i ∈ I and j ∈ J i , we can find
and
In particular,
We call {u i, j } i∈I, j∈J i the sequence induced by {Λ i } i∈I with respect to {e i, j } i∈I, j∈J i . 
Theorem 2.2 ([11]). A sequence {Λ i } i∈I is a g-Riesz basis for H with respect to {H i } i∈I if and only if there is a g-orthonormal basis {Q i } i∈I for H and a bounded invertible operator T on H such that for each i
∈ I, Λ i = Q i T.
Definition 2.2 ([9]). Let {Λ i } i∈I and {Θ i } i∈I be g-Bessel sequences for H, with respect to {H
In this case {Λ i } i∈I and {Θ i } i∈I are also g-frames for H with respect to {H i } i∈I . 
G-ORTHONORMAL Bases Definition 3.1 ([11]). We say that {Λ i ∈ L(H, H i ) : i ∈ I} is a g-orthonormal basis for H with respect to {H i } i∈I , if it satisfies the following conditions:
Clearly, T is a bounded and unitary operator. For each i ∈ I, we define
. By Theorem 2.1, {Q i } i∈I is a g-orthonormal basis for H and for each f ∈ H, 
Then the following assertions are equivalent:
Proof. We conclude the proof from Theorem 2.1 and Theorem 3.2.2 in [4] .
Similarly, we conclude that
Therefore by (3.8) and (3.9), f = 0.
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We call A and B the g-Riesz basis bounds. 
By assumption, there exist positive constants A, B > 0, such that for each finite subset J ⊆ I, we have 11) and there exist positive constants C, D > 0, such that for each finite subset F ⊆ M and scalar sequence {c m } m∈F , we have
By (4.11) and (4.12), for all finite subsets F ⊆ M and J ⊆ I and scalar sequence {β i,m } i∈J,m∈F ,
Definition 4.3. The sequences {Λ i ∈ L(H, H i ) : i ∈ I} and {Θ i ∈ L(H, H i ) : i ∈ I} are said g-biorthogonal if
⟨Λ * i 1 g i 1 , Θ * i 2 g i 2 ⟩ = δ i 1 ,i 2 ⟨g i 1 , g i 2 ⟩, i 1 , i 2 ∈ I, g i 1 ∈ H i 1 , g i 2 ∈ H i 2 .
Theorem 4.2. If Λ = {Λ i } i∈I is a g-Riesz basis for H with respect to {H i } i∈I , then there exists a unique g-Riesz basis Θ = {Θ i } i∈I for H with respect to {H
Proof. Since {Λ i } i∈I is a g-Riesz basis, by Theorem 2.2, there exist a g-orthonormal basis {Q i } i∈I and a bounded invertible operator T on H such that for each i ∈ I, Λ i = Q i T . Since {Q i } i∈I is a g-orthonormal basis for H with respect to {H i } i∈I , by Theorem 3.2,
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For each i ∈ I, let Θ i = Q i (T −1 ) * . So {Θ i } i∈I is a g-Riesz basis for H with respect to {H i } i∈I . Now we show that {Θ i } i∈I is unique. Suppose that η = {η i } i∈I and Θ = {Θ i } i∈I are g-Riesz bases such that for each
where T Θ and T η are the synthesis operators of {Θ i } i∈I and {η i } i∈I , respectively and T * Λ is the analysis operator of {Λ i } i∈I . So
Since {η i } i∈I and {Θ i } i∈I are g-Riesz bases, T Θ − T η is one to one and so T * Λ ( f ) = 0. This implies that f = 0. So {Θ i } i∈I is unique.
We call {Θ i } i∈I , the dual g-Riesz basis of {Λ i } i∈I in Theorem 4.2.
Corollary 4.1. Let {Θ i } i∈I be the dual g-Riesz basis of {Λ i } i∈I . Then the following assertions hold:
Proof. By Theorem 2.2 and Theorem 4.2, the proof is evident. 
Definition 4.4. Let {Λ i } i∈I be a g-frame for H with respect to {H i } i∈I . We say that {Λ * i (H i )} i∈I is a Riesz decomposition of H, if for each f ∈ H there is a unique choice of f i ∈
H i , such that f = ∑ i∈I Λ * i f i .
Definition 4.5. A sequence of operators {Λ i ∈ L(H, H i ) : i ∈ I} is called g-minimal, if for each j ∈ I,
Λ * j (H j ) ∩ span{Λ * i (H i )} i∈I,i̸ = j = {0}.i } i∈I . (ii) {Λ * i (H i )} i∈I is a Riesz decomposition of H. (iii) If ∑ i∈I Λ * i g i = 0 for some {g i } i∈I ∈ (∑ i∈I ⊕ H i ) l 2 , then for each i ∈ I, g i = 0.
Moreover if for each i ∈ I, Λ i is surjective, then the above properties are equivalent to: (iv) {Λ i } i∈I and {Λ
i S −1 Λ } i∈I are g-biorthogonal. (v) {Λ i } i∈I has a g-biorthogonal sequence. (vi) {Λ i } i∈I is g-minimal.
Theorem 4.3. Suppose that {Λ i ∈ L(H, H i ) : i ∈ I} is a g-frame for H with respect to {H i } i∈I and
(4.14)
Then {Λ i } i∈I is a g-Riesz basis for H.
Proof. Suppose that f ∈ H and
where f i , g i ∈ H i , i ∈ I, and for some j ∈ I we have f j ̸ = g j . Hence
International Scientific Publications and Consulting Services
Let h = Λ * j (g j − f j ). By (4.14)
So g j = f j , which is a contradiction. Therefore {Λ * i (H i )} i∈I is a Riesz decomposition of H. By Lemma 4.1, {Λ i } i∈I is a g-Riesz basis for H. Corollary 4.2. Suppose that {Λ i } i∈I is a g-orthonormal basis. Then {Λ i } i∈I is a g-Riesz basis for H with respect to {H i } i∈I .
Proof. We conclude the proof from Lemma 4.1 and Theorem 4.3.
Suppose that {Λ i } i∈I is a g-frame for H with respect to {H i } i∈I and {u i, j = Λ * i e i, j } i∈I, j∈J i is the sequence induced by {Λ i } i∈I with respect to {e i, j } i∈I, j∈J i . It is clear that if {u i, j } i∈I, j∈J i is an exact frame for H, then {Λ i } i∈I is an exact g-frame for H with respect to {H i } i∈I . Here is an example, which shows that the converse of this statement is not true. 
Therefore {Λ 1 , Λ 2 } is a g-frame for H with respect to {W 1 ,W 2 }. By omitting each of the operators, the remaining operator is not g-complete in H, so we conclude that {Λ 1 , Λ 2 } is an exact g-frame. Now for i = 1, 2 and j ∈ N * , where N * = N ∪ {0}, we define e i j = e j if i = 1 and
, j∈N * is a frame for H but is not an exact frame for H.
Characterization of DUAL of G-FRAMES
The space l 2 (N × N) defined by
with inner product given by
is a Hilbert space. We can write every a = {a i, j } ∞ i, j=1 ∈ l 2 (N × N) in the following form a = (a 1,1 , a 1,2 , ... , a 2,1 , a 2,2 , ... , ..., a n,1 , a n,2 , ... , ...) . is an orthonormal basis for l 2 (N × N); it is called the canonical orthonormal basis for l 2 (N × N). We note that after this for each i ∈ N, H i is a separable infinite dimensional Hilbert space and {e i, j } ∞ j=1 , is an orthonormal basis for H i .
Proof. We define the mapping ψ :
By Remark 2.1, the proof is complete. (N × N) .
(the analysis operator of {u i, j } ∞ i, j=1 ), and {δ i, j } ∞ i, j=1 is the canonical orthonormal basis for l 2 (N × N). For each i ∈ N, we define the mapping
Clearly the mapping ϕ i is well defined and is an isometric isomorphism of H i onto a subspace of l 2 (N × N). Since for each i ∈ N, {e i, j } ∞ j=1 is an orthonormal basis for H i , for each g i ∈ H i and i ∈ N, by (5.18) and (5.19), we have
So for each i ∈ N, 
Since V is a bounded left inverse of T *
, V is surjective. This implies that T is a well defined, bounded and surjective operator of (∑
is a g-frame for H with respect to {H i } i∈I and T = T Θ , where T Θ is the synthesis operator of 
where {η i } ∞ i=1 is a g-Bessel sequence for H and W is its synthesis operator.
Proof. The proof is clear by Theorem 5.1.
